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Abstract
We give the definition of uniform symmetric continuity for functions defined
on a nonempty subset of the real line. Then we investigate the properties
of uniformly symmetrically continuous functions and compare them with
those of symmetrically continuous functions and uniformly continuous func-
tions. We obtain some characterizations of uniformly symmetrically contin-
uous functions. Several examples are also given.
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1 Introduction and Preliminaries
The concept of continuity plays a very important role in real analysis, func-
tional analysis, and topology. There are various types of continuities, four of
which will be discussed in this article. Let R be the set of real numbers, A a
nonempty subset of R, and f : A→ R.
(i) The function f is said to be continuous at a point a ∈ A if for every
ε > 0, there exists a δ > 0 such that |f(x)− f(a)| < ε whenever x ∈ A
and |x− a| < δ. We say that f is continuous on A if it is continuous at
each point of A.
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(ii) The function f is said to be uniformly continuous on A if for every
ε > 0, there exists a δ > 0 such that |f(x) − f(y)| < ε whenever
x, y ∈ A and |x− y| < δ.
(iii) The function f is said to be symmetrically continuous at a ∈ A if for
every ε > 0, there exists a δ > 0 such that |f(a+h)− f(a−h)| < ε for
all h ∈ R such that |h| < δ, a + h ∈ A and a − h ∈ A. We say that f
is symmetrically continuous on A if it is symmetrically continuous at
every point of A.
Like continuous functions, symmetrically continuous functions have been
studied thoroughly by many authors, see for example in [2], [3], [4], [5],
[8], [9], [10], [11], [12], [13], [14], and [15]. In particular, Marcus [7] writes
an article on various types of symmetry on the real line such as symmetric
sets, asymmetric sets, antisymmetric sets, symmetric functions, symmetric
continuities, and symmetric derivatives. It is in this article [7] that Marcus
defines a concept of uniform symmetric continuity.
Definition 1.1. A function f : I → R (where I is an interval) is said to be
uniformly symmetrically continuous on I if for every ε > 0, there exists a δ >
0 such that if |h| < δ and a, a−h, a+h are in I, then |f(a+h)−f(a−h)| < ε.
However, it turns out that uniform symmetric continuity and uniform
continuity of the functions defined on an interval are equivalent.
Proposition 1.2. (Marcus [7]) Let I be a nonempty interval and f : I →
R. Then f is uniformly symmetrically continuous on I if and only if f is
uniformly continuous on I.
Considering Proposition 1.2, Marcus [7] posts the following two problems:
Problem 1 Let f : I → R (I is an open interval) be a symmetrically continuous
function. Let B ⊆ I be such that for every ε > 0, there exists a δ > 0
such that if |h| < δ and b, b+h, b−h ∈ B, then |f(b+h)−f(b−h)| < ε.
Determine cases when under this condition, f is uniformly continuous
on I.
Problem 2 Find a new way to define uniform symmetric continuity so that it is
not equivalent to uniform continuity.
Motivated by these problems, we now propose a new definition of uniform
symmetric continuity which naturally extends Definition 1.1.
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Definition 1.3. Let A be a nonempty subset of R and f : A → R. We say
that f is uniformly symmetrically continuous on A if for every ε > 0, there
exists a δ > 0 such that |f(a+h)−f(a−h)| < ε for all h ∈ R, a ∈ A satisfying
|h| < δ, a+h ∈ A and a−h ∈ A. In addition, if B is a nonempty subset of A,
then we say that f is uniformly symmetrically continuous on A with respect
to B if for every ε > 0, there exists a δ > 0 such that |f(b+h)−f(b−h)| < ε
for all h ∈ R, b ∈ B satisfying |h| < δ, b+ h ∈ A and b− h ∈ A.
For some results about symmetric continuity on subsets of the real line, we
refer the reader to [13] and [14]. An answer to Problem 1 given by Kostyrko
[6] can be stated in our language as follows:
Theorem 1.4. (Kostyrko [6]) Let I be an open interval and let f : I → R be
symmetrically continuous on I. Then the following statements are equivalent:
(i) there exists a dense subset B of I such that f is uniformly symmetrically
continuous on I with respect to B.
(ii) f is uniformly continuous on I.
Extending Definition 1.1 to Definition 1.3 gives us a solution to Problem
2: uniform symmetric continuity and uniform continuity are not equivalent
in the context of Definition 1.3 (See Theorem 2.1, Examples 2.5, 2.8, 3.3, and
3.7).
The purpose of this article is to investigate further the properties of uni-
formly symmetrically continuous functions defined on a nonempty subset of
R and compare them with those of continuous functions, uniformly contin-
uous functions and symmetrically continuous functions defined on the same
domain. We will give basic relations between these four types of continuities
in Section 2. Then we will give some characterizations of uniformly symmet-
rically continuous functions in Sections 3 and 4. We end this section by giving
some propositions that will be used later.
Proposition 1.5. ([9] and [10]) Let f : A→ R, and let a ∈ A be an interior
point of A. Assume that limx→a+ f(x) and limx→a− f(x) exist in R. Then f
is symmetrically continuous at a if and only if lim
x→a+
f(x) = lim
x→a−
f(x).
The next proposition is well known but it should be compared with The-
orem 2.3. So we give it here for the reader’s convenience.
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Proposition 1.6. [1] A function f : A→ R is uniformly continuous on A if
and only if for every sequence (xn) and (yn) in A if |xn−yn| → 0 as n→∞,
then |f(xn)− f(yn)| → 0 as n→∞.
2 Basic Relations
In connection with four types of the continuities mentioned above, the prob-
lem arises to investigate their relation. For a given set A ⊆ R, we define
USC = {f : A→ R | f is uniformly symmetrically continuous on A},
UC = {f : A→ R | f is uniformly continuous on A},
C = {f : A→ R | f is continuous on A}, and
SC = {f : A→ R | f is symmetrically continuous on A}.
Then we have the following results.
UC ⊆ C but C * UC, (1)
C ⊆ SC but SC * C, (2)
USC ⊆ SC but SC * USC, (3)
UC ⊆ USC but USC * UC, (4)
USC * C and C * USC. (5)
UC
USC (5) C
SC
 
 
 ✠
(4) ❅
❅
❅❘
(1)
❅
❅
❅❘
(3)
 
 
 ✠
(2)
It is well known that every uniformly continuous function is continuous
and the function f : (0, 1)→ R given by f(x) = 1
x
is continuous on (0, 1) but
is not uniformly continuous on (0, 1). In addition, it is easy to see that every
continuous function is symmetrically continuous and the function f : R→ R
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given by f(x) = 1 if x 6= 0 and f(x) = 0 if x = 0 is symmetrically continuous
but is not continuous. We refer the reader to [9] and [10] for more details. So
(1) and (2) are proved. We will give theorems and examples to prove (3), (4)
and (5). First, we show that one direction of Proposition 1.2 still holds.
Theorem 2.1. Let A be a nonempty subset of R and f : A → R. If f is
uniformly continuous on A, then f is uniformly symmetrically continuous on
A.
Proof. Assume that f is uniformly continuous on A. Let ε > 0 be given.
Then there exists a δ > 0 such that |f(x) − f(y)| < ε whenever x, y ∈ A
and |x − y| < δ. Let h ∈ R, a ∈ A, |h| < δ
2
, a + h ∈ A and a − h ∈ A.
Since a + h, a − h ∈ A and |(a + h) − (a − h)| = |2h| < δ, we obtain
|f(a + h) − f(a − h)| < ε. This shows that f is uniformly symmetrically
continuous on A.
It is obvious that every uniformly symmetrically continuous function is
symmetrically continuous. Let us record this as a proposition.
Proposition 2.2. Let A be a nonempty subset of R and f : A→ R. If f is
uniformly symmetrically continuous on A, then it is symmetrically continu-
ous on A.
Proof. This follows immediately from the definition.
Next we will give a sequential criterion for uniform symmetric continuity
of functions, which should be compared with Proposition 1.6. Remark that by
Definition 1.3, a function f : A → R is uniformly symmetrically continuous
on A with respect to A if and only if f is uniformly symmetrically continuous
on A.
Theorem 2.3. (Sequential criterion) Let A, B be nonempty subsets of R,
B ⊆ A, and f : A → R. Then f is uniformly symmetrically continuous on
A with respect to B if and only if for each sequence (xn) and (yn) in A, if
|xn−yn| → 0 as n→∞ and xn+yn2 ∈ B for every n, then |f(xn)−f(yn)| → 0
as n → ∞. In particular, f is uniformly symmetrically continuous on A if
and only if for each sequence (xn) and (yn) in A, if |xn− yn| → 0 as n→∞
and xn+yn
2
∈ A for every n, then |f(xn)− f(yn)| → 0 as n→∞.
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Proof. First, assume that f is uniformly symmetrically continuous on A with
respect to B and let (xn), (yn) be sequences in A such that |xn − yn| → 0 as
n → ∞ and xn+yn
2
∈ B for every n. To show that |f(xn) − f(yn)| → 0, let
ε > 0 be given. Then there exists a δ > 0 such that
|f(b+ h)− f(b− h)| < ε for all h ∈ R, b ∈ B, |h| < δ, b+ h, b− h ∈ A
(6)
Since |xn − yn| → 0, there is an N ∈ N such that |xn − yn| < δ for all
n ≥ N . Now let n ≥ N , h = xn−yn
2
and b = xn+yn
2
. Then |h| < δ, b ∈ B, and
{b+ h, b− h} = {xn, yn} ⊆ A. Therefore, by (6), we obtain
|f(xn)− f(yn)| = |f(b+ h)− f(b− h)| < ε.
Next suppose that f is not uniformly symmetrically continuous on A with
respect to B. Then there is an ε > 0 such that for every δ > 0, there are h ∈ R
and b ∈ B satisfying |h| < δ, b+ h, b− h ∈ A, and |f(b+ h)− f(b− h)| ≥ ε.
This implies that for each n ∈ N, there are hn ∈ R, bn ∈ B such that
|hn| < 1
n
, bn + hn ∈ A, bn − hn ∈ A, and |f(bn + hn)− f(bn − hn)| ≥ ε.
For each n ∈ N, let xn = bn − hn, yn = bn + hn. Then (xn) and (yn) are
sequences in A, |xn − yn| = |2hn| < 2n → 0 as n → ∞, xn+yn2 = bn ∈ B for
every n but |f(xn)− f(yn)| ≥ ε. This completes the proof.
Example 2.4. Let f : (0,∞)→ R be given by f(x) = 1
x
. Then f is continu-
ous on (0,∞) and by (2), it is also symmetrically continuous on (0,∞). For
each n ∈ N, let xn = 3n , yn = 1n . Then (xn) and (yn) are sequences in (0,∞),|xn − yn| =
∣∣ 2
n
∣∣ → 0 as n → ∞, xn+yn
2
= 2
n
∈ (0,∞) for every n ∈ N, but
|f(xn) − f(yn)| = 2n3 which does not converge to zero. By Theorem 2.3, we
see that f is not uniformly symmetrically continuous on (0,∞).
Next we will give a uniformly symmetrically continuous function which is
not continuous. To obtain such a function, we will use Theorem 2.3 and an
argument from elementary number theory.
Example 2.5. Throughout this example, let p denote a (positive) prime. Let
A =
{
1
p
| p is a prime
}
∪{0}. Define f : A→ R by f
(
1
p
)
= 1 for each prime
p and f(0) = 0. We will prove that f is uniformly symmetrically continuous
on A but is not continuous at 0.
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Proof. We have 1
p
→ 0 as p→∞ but f
(
1
p
)
does not converge to f(0), so f
is not continuous at 0. Next we will show that f is uniformly symmetrically
continuous on A, by applying Theorem 2.3. So we let (xn) and (yn) be se-
quences in A such that |xn−yn| → 0 as n→∞ and xn+yn2 ∈ A for all n ∈ N.
Now we only need to prove |f(xn)− f(yn)| → 0 as n → ∞. In fact, we can
obtain a stronger result that xn = yn for every n ∈ N. Since 2p is even and
larger than 2 but an element of A is either 0, 1
2
, or the reciprocal of an odd
number, we see that
0 + 1
p
2
=
1
2p
/∈ A. (7)
Next suppose that there are distinct primes p, q and r such that
1
p
+ 1
q
2
= 1
r
.
Then r(p+ q) = 2pq. So p divides r(p+ q). This implies that p | q or p | r, a
contradiction. This shows that, for each distinct prime p and q, we have
1
p
+ 1
q
2
/∈ A. (8)
By (7), (8), and the fact that (xn) and (yn) are sequences in A and
xn+yn
2
∈ A
for every n ∈ N, we obtain xn = yn for every n ∈ N, as asserted.
Corollary 2.6. The relations (3), (4) and (5) hold.
Proof. (3) follows from Proposition 2.2 and Example 2.4, and (5) follows
from Example 2.5 and Example 2.4. Since the function f in Example 2.5 is
not continuous on A, it is not uniformly continuous on A. So (4) follows from
Theorem 2.1 and Example 2.5. This completes the proof.
The use of prime numbers in Example 2.5 is not necessary. However, the
next example shows that we cannot use A =
{
1
n
| n ∈ N} ∪ {0}.
Example 2.7. Let A =
{
1
n
| n ∈ N}∪{0}. Let f : A→ R be given by f ( 1
n
)
=
1 for every n ∈ N and f(0) = 0. Then f is not uniformly symmetrically
continuous on A. To see this, let xn =
1
n
and yn = 0 for every n ∈ N.
Then (xn), (yn) are sequences in A,
xn+yn
2
= 1
2n
∈ A for every n ∈ N, and
|xn−yn| = 1n → 0 as n→∞. But |f(xn)−f(yn)| = 1 which does not converge
to zero. By Theorem 2.3, f is not uniformly symmetrically continuous.
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Examples 2.5 and 2.7 may seem artificial. For example, the reader may
like to see the set A satisfying the following condition.
For every a ∈ A, there exists a sequence (hn) such that
hn → 0, hn 6= 0, a± hn ∈ A for every n ∈ N. (9)
We show this in the next example (compare with Proposition 4.3).
Example 2.8. Let B =
{
b+
√
2
4m+2
| b ∈ Q and m ∈ Z
}
and A = B ∪ {0}.
Define f : A→ R by
f(x) =
{
1, if x ∈ B;
0, if x = 0.
Then A satisfies the condition (9). Moreover, f is uniformly symmetrically
continuous on A but is not continuous.
Proof. We check that A satisfies (9). If a = 0, then we let hn =
1
n
+
√
2
4n+2
for
every n ≥ 1 and note that a − hn = − 1n +
√
2
4(−n−1)+2 . If a = b +
√
2
4m+2
∈ B,
then
a± 1
n
=
(
b± 1
n
)
+
√
2
4m+ 2
∈ B.
This proves that A satisfies (9). Obviously, the function f is discontinuous
at 0. Next let (xn) and (yn) be sequences in A such that
xn+yn
2
∈ A for every
n ∈ N and |xn − yn| → 0 as n→∞. Suppose for a contradiction that there
exists n ∈ N such that |f(xn)− f(yn)| = 1. By the definition of f , one of xn,
yn is 0 and the other is in B. Without loss of generality, suppose that xn = 0
and yn = b +
√
2
4m+2
for some b ∈ Q and m ∈ Z. Since xn+yn
2
∈ A, xn+yn
2
= 0
or xn+yn
2
= c+
√
2
4ℓ+2
for some c ∈ Q and ℓ ∈ Z. The first case leads to yn = 0,
which is not the case. The second case leads to
b+
√
2
4m+ 2
= yn = 2c+
2
4ℓ+ 2
√
2,
which implies b = 2c and 1
4m+2
= 2
4ℓ+2
. So 4ℓ + 2 = 8m + 4. Since 8m + 4
is divisible by 4 but 4ℓ + 2 is not, we have a contradiction. Hence |f(xn) −
f(yn)| 6= 1 for any n ∈ N. Since |f(xn) − f(yn)| is either 0 or 1, we see
that |f(xn) − f(yn)| = 0 for every n ∈ N. By Theorem 2.3, f is uniformly
symmetrically continuous on A. This completes the proof.
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3 Basic Properties and Examples of Uniformly
Symmetrically Continuous Functions
Although uniformly symmetrically continuous functions and uniformly con-
tinuous functions are different, they share some basic properties as will be
shown in this section.
Theorem 3.1. Let f, g : A → R and α ∈ R. Suppose that f and g are
uniformly symmetrically continuous on A. Then
(i) αf , f + g, and f − g are uniformly symmetrically continuous on A.
(ii) If f and g are bounded on A, then fg is uniformly symmetrically con-
tinuous on A.
(iii) If f is bounded on A and g is bounded away from zero, then f
g
is uni-
formly symmetrically continuous on A.
Proof. Let (xn) and (yn) be sequences in A, |xn − yn| → 0 as n → ∞, and
xn+yn
2
∈ A for every n ∈ N. We can apply Theorem 2.3 to the following
equations:
|αf(xn)− αf(yn)| = |α||f(xn)− f(yn)|,
|(f + g)(xn)− (f + g)(yn)| ≤ |f(xn)− f(yn)|+ |g(xn)− g(yn)|, and
|(f − g)(xn)− (f − g)(yn)| ≤ |f(xn)− f(yn)|+ |g(xn)− g(yn)|.
From this, we obtain (i). For (ii), suppose that there are constants M1 > 0
and M2 > 0 such that |f(x)| ≤M1 and |g(x)| ≤M2 for all x ∈ A. Then
|fg(xn)− fg(yn)| = |(f(xn)− f(yn))(g(xn)) + (f(yn))(g(xn)− g(yn))|
≤ |f(xn)− f(yn)||g(xn)|+ |f(yn)||g(xn)− g(yn)|
≤M2|f(xn)− f(yn)|+M1|g(xn)− g(yn)|.
From this, Theorem 2.3 can be applied again. For (iii), assume that there
exists a δ > 0 such that |g(x)| ≥ δ for every x ∈ A. Then 1
g
is bounded on A
and ∣∣∣∣1g (xn)− 1g (yn)
∣∣∣∣ =
∣∣∣∣g(xn)− g(yn)g(xn)g(yn)
∣∣∣∣ ≤ 1δ2 |g(xn)− g(yn)| → 0
as n → ∞. So by Theorem 2.3 and by (ii), f
g
is uniformly symmetrically
continuous on A.
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The next example shows that the boundedness of f and g in Theorem
3.1(ii) cannot be omitted.
Example 3.2. Let f, g : R → R be given by f(x) = g(x) = x. Then f and
g are uniformly symmetrically continuous on R but fg is not. This can be
proved by applying Theorem 2.3 to xn = n+
1
n
, yn = n, and
|fg(xn)− fg(yn)| =
∣∣∣∣fg
(
n +
1
n
)
− fg (n)
∣∣∣∣ =
∣∣∣∣∣
(
n +
1
n
)2
− n2
∣∣∣∣∣
= 2 +
1
n2
→ 2 6= 0, as n→∞.
If A is a bounded subset of R and f is uniformly continuous on A, then f
is bounded on A. This does not hold in the case of uniformly symmetrically
continuous functions as shown in the next example.
Example 3.3. Let A be the set defined in Example 2.5. Define f : A →
R by f
(
1
p
)
= p and f(0) = 0. Then f is not bounded on A. With the
same argument in Example 2.5, we obtain that f is uniformly symmetrically
continuous on A.
Next we give a result concerning sequences of uniformly symmetrically
continuous functions.
Theorem 3.4. Let (fn) be a sequence of uniformly symmetrically continuous
functions on A. If (fn) converges uniformly to a function f on A, then f is
uniformly symmetrically continuous on A.
Proof. Assume that fn → f uniformly on A and let ε > 0 be given. Then
there is an N ∈ N such that
|fn(x)− f(x)| < ε
3
for all n ≥ N , x ∈ A. (10)
Since fN is uniformly symmetrically continuous on A, there exists a δ > 0
such that
|fN(a+ h)− fN (a− h)| < ε
3
. (11)
for all h ∈ R, a ∈ A such that |h| < δ, a+ h, a− h ∈ A.
Now if |h| < δ, a, a+ h, a− h ∈ A, then
|f(a+ h)− f(a− h)| ≤ |f(a+ h)− fN(a + h)|+ |fN(a+ h)− fN(a− h)|
+ |fN(a− h)− f(a− h)|
<
ε
3
+
ε
3
+
ε
3
= ε.
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This shows that f is uniformly symmetrically continuous on A.
The next example shows that pointwise limit of a sequence of uniformly
symmetrically continuous functions may not be uniformly symmetrically con-
tinuous. In fact, it may not even be symmetrically continuous.
Example 3.5. For each n ∈ N, let fn : [0, 2]→ R be given by
fn(x) =
{
xn, if x ≤ 1;
1, if x > 1.
Since fn is continuous on a compact set [0, 2], it is uniformly continuous on
[0, 2]. By Theorem 2.1, fn is uniformly symmetrically continuous on [0, 2].
The pointwise limit of (fn) is given by f(x) = 0 if x < 1 and f(x) = 1 if
x ≥ 1. Since limx→1− f(x) = 0 6= 1 = limx→1+ f(x), f is not symmetrically
continuous at x = 1, by Proposition 1.5.
Next we show more examples to give a clearer picture of uniformly sym-
metrically continuous functions.
Example 3.6. Any function f : Z → R is uniformly symmetrically con-
tinuous on Z. This is because if ε > 0 is given, we can choose δ = 1
2
so
that if h ∈ R, |h| < δ, a ∈ Z, a + h, a − h ∈ Z, then h = 0, and therefore
|f(a + h) − f(a − h)| = |f(a) − f(a)| = 0 < ε. In general, if the domain A
of f is a finite set or a uniformly discrete set, then f is uniformly symmet-
rically continuous on A. (Recall that a nonempty subset A of R is said to be
uniformly discrete if there exists a δ > 0 such that (a − δ, a + δ) ∩ A = {a}
for every a ∈ A.) We will leave the details to the reader
If f : A→ R is uniformly symmetrically continuous on A with respect to
B ⊆ A, then it is easy to see that f |B is uniformly symmetrically continuous
on B. But the converse does not hold (simply take A = R, B = Z, and
f(x) = 1
x
if x 6= 0 and f(x) = 0 if x = 0).
Considering Examples 2.5 and 2.8, it is natural to ask whether there is
a continuous function f : A → R such that the interior of A is not empty
and f is uniformly symmetrically continuous on A but f is not uniformly
continuous on A. We will construct such a function in the next example.
Example 3.7. Define a sequence (an) recursively by a1 = 1, a2 = a1 +
1
2
,
a3 = a2 + 1, a4 = a3 +
1
2
, and for n ≥ 2, a4n−3 = a4n−4 + 1, a4n−2 =
11
a4n−3 + 1n+1 , a4n−1 = a4n−2 +
1
n
, a4n = a4n−1 + 1n+1 . Let A =
⋃∞
i=1 [a2i−1, a2i]
and let f : A → R be defined by f(x) = 2i − 1 if x ∈ [a2i−1, a2i]. Then
f is continuous and uniformly symmetrically continuous on A but f is not
uniformly continuous on A.
Proof. Since f is a constant on each interval [a2i−1, a2i], it is not difficult
to see that f is continuous on A. Next, for each n ∈ N, let xn = a4n−1,
yn = a4n−2. Then (xn), (yn) are sequences in A, |xn − yn| = 1n → 0 as
n → ∞ but |f(xn)− f(yn)| = 2 for every n ∈ N. So by Proposition 1.6,
f is not uniformly continuous on A. Next we will show that f is uniformly
symmetrically continuous on A by applying Theorem 2.3. Let (xn), (yn) be
sequences in A, |xn − yn| → 0 as n → ∞, and xn+yn2 ∈ A for every n ∈ N.
Since |xn − yn| → 0, there exists N ∈ N such that
|xn − yn| < 1 for every n ≥ N. (12)
By the definition of (an),
|a4n − a4n+1| = 1 for every n ≥ 1. (13)
Let n ≥ N . By (12), (13), and the construction of A, we obtain that xn and yn
lie in the interval [a4k−3, a4k−2]∪ [a4k−1, a4k] for some k ∈ N. Suppose that xn
and yn lie in different intervals, say xn ∈ [a4k−3, a4k−2] and yn ∈ [a4k−1, a4k].
Then
xn + yn
2
≥ a4k−3 + a4k−1
2
=
a4k−3 + a4k−3 + 1k +
1
k+1
2
= a4k−3 +
1
k
+ 1
k+1
2
> a4k−3 +
1
k + 1
= a4k−2, and
xn + yn
2
≤ a4k−2 + a4k
2
=
a4k−2 + a4k−2 + 1k +
1
k+1
2
= a4k−2 +
1
k
+ 1
k+1
2
< a4k−2 +
1
k
= a4k−1.
Therefore xn+yn
2
∈ (a4k−2, a4k−1). Hence xn+yn2 /∈ A, a contradiction. This
shows that xn and yn lie in the same interval. Thus |f(xn) − f(yn)| = 0 for
every n ≥ N . This completes the proof.
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The construction in Example 3.7 may seem complicated. The next exam-
ple shows that a simpler domain does not give the desired result.
Example 3.8. Let a1 = 0, an = an−1+ 1n−1 for n ≥ 2. Let A =
⋃∞
i=1[a2i−1, a2i]
and f : A→ R given by f(x) = 2i− 1 if x ∈ [a2i−1, a2i]. Similar to Example
3.7, it is easy to see that f is continuous but not uniformly continuous on A.
However, f is not uniformly symmetrically continuous on A. To see this, let
xn = a2n−1, yn = a2n+1 for every n ∈ N. Then (xn) and (yn) are sequences
in A, |xn − yn| = 12n−1 + 12n → 0 as n→∞, and for every n ∈ N, we have
xn + yn
2
=
a2n−1 + a2n−1 + 12n−1 +
1
2n
2
= a2n−1 +
1
2n−1 +
1
2n
2
∈
[
a2n−1, a2n−1 +
1
2n− 1
]
= [a2n−1, a2n] ⊆ A.
But |f(xn)− f(yn)| = 2 6→ 0 as n→∞.
From Example 3.7, it is natural to ask if it is possible to give a similar
result with a bounded set A. We show this in the next example.
Example 3.9. Define a sequence (an) by a1 =
1
2
and for n ≥ 2,
an =
{
an−1 + 12n , if n is even;
an−1 + 12n−1 , if n is odd.
Let A =
⋃∞
i=1[a2i−1, a2i) and let f : A→ R be given by
f(x) = 2i− 1 if x ∈ [a2i−1, a2i).
Then A is a bounded set. Moreover, f is continuous and uniformly symmet-
rically continuous on A but f is not uniformly continuous on A.
Proof. Similar to Example 3.7, f is continuous but is not uniformly contin-
uous on A. By the construction of (an), we see that
an ≤ 1
2
+
2
22
+
2
24
+
2
26
+ · · · = 7
6
for every n ∈ N.
Therefore A ⊆ [1
2
, 7
6
]
. So A is bounded. Next we assert that if x, y ∈ A and
x+y
2
∈ A, then x and y lie in the same interval. So suppose for a contradiction
that there are x, y ∈ A such that x+y
2
∈ A but x and y lie in different intervals.
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Without loss of generality, assume that x ∈ [a2k−1, a2k) and y ∈ [a2m−1, a2m)
for some m > k ≥ 1. Then
x+ y < a2k + a2m
= a2k +
(
a2m−1 +
1
22m
)
= a2k +
(
a2m−2 +
1
22m−2
+
1
22m
)
= a2k +
(
a2m−3 +
2
22m−2
+
1
22m
)
...
= a2k +
(
a2k +
1
22k
+
(
2
22k+2
+
2
22k+4
+ · · ·+ 2
22m−2
)
+
1
22m
)
.
Therefore
x+ y
2
< a2k +
1
2
(
1
22k
)
+
1
2
(
2
22k+2
+
2
22k+4
+
2
22k+6
+ · · ·
)
= a2k +
1
2
(
1
22k
)
+
1
3
(
1
22k
)
< a2k +
1
22k
= a2k+1. (14)
Similarly,
x+ y ≥ a2k−1 + a2m−1 = a2k−1 +
(
a2k−1 +
2
22k
+
2
22k+2
+ · · ·+ 2
22m−2
)
.
So
x+ y
2
≥ a2k−1 + 1
22k
+
1
22k+2
+ · · ·+ 1
22m−2
≥ a2k−1 + 1
22k
= a2k. (15)
From (14) and (15), we see that x+y
2
∈ [a2k, a2k+1). Hence x+y2 /∈ A, a contra-
diction. Thus our assertion is proved.
Now if (xn) and (yn) are sequences in A such that |xn−yn| → 0 as n→∞
and xn+yn
2
∈ A for every n ∈ N, then xn and yn lie in the same interval for
every n ∈ N, and thus |f(xn)− f(yn)| = 0 for every n ∈ N. By Theorem 2.3,
f is uniformly symmetrically continuous on A.
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4 Uniformly Symmetrically Continuous Func-
tions and Uniformly Continuous Functions
By considering Theorem 2.1, it is natural to ask that in what domains the
converse of Theorem 2.1 holds? As mentioned in Proposition 1.2, Marcus
shows that if the domain A is an interval, then the converse of Theorem 2.1
holds. We will extend this result to the case of finite union of intervals. Let us
recall some basic definitions to be used in what follows. ForA ⊆ R, the closure
of A, denoted by A, is defined by A = {x ∈ R | ∀ε > 0, (x−ε, x+ε)∩A 6= ∅}.
In addition, for nonempty subsets A,B of R, the distance between A and B,
denoted by d(A,B), is defined by d(A,B) = inf{|a− b| : a ∈ A, b ∈ B}.
Lemma 4.1. For each i ∈ {1, 2, . . . , k}, let Bi be a nonempty set, and
fi : Bi → R uniformly continuous on Bi. Suppose that A =
⋃k
i=1Bi and
inf {d(Bi, Bj) | i 6= j} > 0. Then the function f : A → R defined by f(x) =
fi(x) if x ∈ Bi is uniformly continuous on A.
Proof. Since inf {d(Bi, Bj) | i 6= j} > 0, Bi ∩ Bj = ∅ for every i 6= j. In
addition, if ε > 0 is given, we can choose a δ > 0 so that for x, y ∈ A,
|x − y| < δ implies x and y lie in the same set Bi and thus |f(x) − f(y)| =
|fi(x)− fi(y)|.
Theorem 4.2. Let I1, I2, . . . , Ik be nonempty intervals such that Ii ∩ Ij = ∅
for all i 6= j, A = ⋃ki=1 Ii and f : A→ R. Then f is uniformly symmetrically
continuous on A if and only if f is uniformly continuous on A.
Proof. By Theorem 2.1, we only need to prove one direction. Assume that f is
uniformly symmetrically continuous on A. Then f is uniformly symmetrically
continuous on each interval Ii. By Proposition 1.2, f is uniformly continuous
on each Ii, i ∈ {1, 2, . . . , k}. If for all i 6= j, I¯i ∩ I¯j = ∅, then by Lemma 4.1,
f is uniformly continuous on A, as required. So we need to consider only the
case where there are i, j such that I¯i ∩ I¯j 6= ∅. In addition, if I¯i ∩ Ij 6= ∅ or
Ii ∩ I¯j 6= ∅, then Ii ∪ Ij is an interval and we can write A =
⋃ℓ
i=1 Ji where
J1, . . . , Jℓ are intervals and Ji∩ J¯j = ∅ for all i 6= j. So assume that Ii∩ I¯j = ∅
for all i 6= j. Assume I1 = (b, c), I2 = (c, d) where c ∈ R b, d ∈ R∪{−∞,+∞}.
To show that f is uniformly continuous on I1 ∪ I2, let ε > 0 be given. Since
f is uniformly symmetrically continuous on I1 ∪ I2, there exists a δ > 0
such that |f(a + h) − f(a − h)| < ε
2
for all h ∈ R, a ∈ I1 ∪ I2, |h| < δ,
a+ h, a− h ∈ I1 ∪ I2. Let x, y ∈ I1 ∪ I2 and |x− y| < δ. If x+y2 ∈ I1 ∪ I2, then
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we let a = x+y
2
, h = x−y
2
. So that |h| < δ, {a + h, a − h} = {x, y} ⊆ I1 ∪ I2
and hence
|f(x)− f(y)| = |f(a+ h)− f(a− h)| < ε
2
. (16)
Assume that x+y
2
/∈ I1∪I2. This occurs when x and y lie in a different interval
and x+y
2
= c. Suppose that x ∈ I1 and y ∈ I2. We can choose x0 ∈ I1 which
lie between x and c. Then x+x0
2
∈ I1, y+x02 ∈ I2. So we can use the argument
as in (16) to obtain
|f(x)− f(y)| ≤ |f(x)− f(x0)|+ |f(x0)− f(y)| < ε
2
+
ε
2
= ε.
This shows that f is uniformly continuous on I1 ∪ I2. We can repeat the
above argument to any pair of interval Ii, Ij such that Ii∩ I¯j = ∅. This shows
that f is uniformly continuous on B1, B2, . . . , Bm for some nonempty sets
B1, B2, . . . , Bm such that B1∪B2∪· · ·∪Bm = A and inf {d(Bi, Bj) | i 6= j} >
0. By Lemma 4.1, f is uniformly continuous on A. Hence the proof is com-
plete.
Examples 3.7 and 3.9 show that we cannot extend Theorem 4.2 to the
case where the domain is a union of infinite collection of intervals. Another
kind of domain A where uniform symmetric continuity of functions defined
on A are equivalent to uniform continuity is that A is a symmetric set. We
record this in the next proposition.
Proposition 4.3. Let A be a nonempty subset of R. Then the following
statements hold.
(i) A function f : A → R is uniformly symmetrically continuous on A if
and only if for every ε > 0, there exists a δ > 0 such that |f(x)−f(y)| <
ε for all x, y ∈ A satisfying |x− y| < δ and x+y
2
∈ A.
(ii) Suppose A is a symmetric set, that is x+y
2
∈ A for every x, y ∈ A, and
f : A→ R. Then f is uniformly symmetrically continuous on A if and
only if f is uniformly continuous on A.
Proof. Suppose f is uniformly symmetrically continuous and ε > 0 is given.
Let δ > 0 satisfy the condition in Definition 1.3. Then if x, y ∈ A, |x−y| < δ,
and x+y
2
∈ A, then we let a = x+y
2
and h = x−y
2
and use Definition 1.3 to
obtain
|f(x)− f(y)| = |f(a+ h)− f(a− h)| < ε.
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For the converse, if ε > 0 is given and δ > 0 is obtained, we can replace δ by δ
2
in the Definition 1.3 to obtain that f is uniformly symmetrically continuous.
This proves (i). Then (ii) follows from (i) and Theorem 2.1.
Example 2.8 shows that if A is not a symmetric set, a function f : A→ R
may be continuous and uniformly symmetrically continuous on A but is not
uniformly continuous on A even though A satisfies the condition (9).
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